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a b s t r a c t
In this paper, we introduce a new general integral operator defined by the Hadamard
product. Furthermore, we obtained new sufficient conditions for this operator to be
univalent in the open unit disk.
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1. Introduction and preliminaries
LetA denote the class of functions of the form
f (z) = z +
∞−
k=2
akzk (1.1)
which are analytic in the open unit diskU = {z ∈ C : |z| < 1}. ConsiderS the subclass ofA consisting of univalent functions.
For two functions f ∈ A given by (1.1) and g ∈ A given by
g(z) = z +
∞−
k=2
bkzk
their Hadamard product (or convolution) is defined by
(f ∗ g)(z) = z +
∞−
k=2
akbkzk = (g ∗ f )(z) (z ∈ U). (1.2)
For f ∈ A and n ∈ N0 := N ∪ {0}, let Dnf be the Sălăgean operator [1] defined by
D0f (z) = f (z), D1f (z) = Df (z) = zf ′(z)
and
Dnf (z) = D(Dn−1f (z)) (z ∈ U). (1.3)
If f ∈ A is given by (1.1), note that
Dnf (z) = z +
∞−
k=2
knakzk (n ∈ N0, z ∈ U). (1.4)
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Let f ∈ A. Then the Ruscheweyh operator [2] Rλf is defined by
Rλf (z) = z
(1− z)λ+1 ∗ f (z) (λ > −1, z ∈ U)
which implies that
Rnf (z) = z(z
n−1f (z))n
n! (n ∈ N, z ∈ U).
Note that R0f (z) = f (z) and R1f (z) = zf ′(z). If f ∈ A is given by (1.1), then
Rnf (z) = z +
∞−
k=2
(n+ 1)k−1
(k− 1)! akz
k (n ∈ N0, z ∈ U). (1.5)
In order to prove our results, we shall need the following lemmas due to [3,4].
Lemma 1.1 ([3]). Let β ∈ C such that ℜ(α) > 0. If f ∈ A satisfies the inequality
(1− |z|2ℜ(α))
ℜ(α)
 zf ′′(z)f ′(z)
 ≤ 1
for all z ∈ U, then the function
Fα(z) =

α
∫ z
0
tα−1f ′(t)dt
1/α
(1.6)
is in the class S, i.e. is univalent in U.
Lemma 1.2 ([4]). Let α, c ∈ C such that ℜ(α) > 0 and |c| ≤ 1, c ≠ −1. If the function f ∈ A satisfies the inequalityc |z|2α + (1− |z|2α) zf ′′(z)αf ′(z)
 ≤ 1
for all z ∈ U, then the function Fα, defined by (1.6) is in the class S, i.e. is univalent in U.
2. Integral operator
Making use of the Hadamard product we define the following general integral operator.
Consider α ∈ C and βi ∈ C for all i = 1,m, m ∈ N. Let fi, gi, φi ∈ A for all i = 1,m,m ∈ N. We denote by Fα,β(z) the
integral operator defined by
Fα,β(z) =

α
∫ z
0
tα−1
[
(f1 ∗ g1)(t)
φ1(t)
]β1
· · ·
[
(fm ∗ gm)(t)
φm(t)
]βm
dt
 1
α
. (2.1)
The integral operator Fα,β(z) contains, amongst its special cases, various other operators.
• For φi(z) = z for all i = 1,m and α = 1 we obtain the integral operator
I(f1, f2, . . . , fm; g1, g2, . . . , gm)(z) =
∫ z
0
[
(f1 ∗ g1)(t)
t
]β1
· · ·
[
(fm ∗ gm)(t)
t
]βm
dt (2.2)
introduced and studied by Frasin [5].
• For gi(z) = z1−z for all i = 1,mwe obtain the integral operator
Fα(z) =

α
∫ z
0
tα−1
[
f1(t)
φ1(t)
]β1
· · ·
[
fm(t)
φm(t)
]βm
dt
 1
α
(2.3)
introduced and studied by Moldoveanu [6].
• For gi(z) = z1−z and φi(z) = z for all i = 1,mwe obtain the integral operator
G(z) =

α
∫ z
0
tα−1
[
f1(t)
t
]β1
· · ·
[
fm(t)
t
]βm
dt
 1
α
(2.4)
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introduced and studied by Breaz [7]. Observe that for α = 1 in the operator (2.4) we obtain the operator Gm(z) which
was studied by Breaz [7]. Upon setting m = 1, β1 = β, β2 = · · · = βm = 0, α = 1 in G(z), we can obtain the operator
Iβ(f )(z) which was studied by Pescar and Owa [8], for β ∈ [0, 1] and β = 1 special case of the operator Iβ(f )(z) were
studied by Miller et al. [9] and Alexander [10], respectively. Form = 1, β1 = 1, β2 = · · · = βm = 0 in (2.4) the integral
operator G(z) reduces to the operator Gα(z)which was studied by Pescar [11].
• For gi(z) = z +∑∞k=2 (n+1)k−1(k−1)! zk, n ∈ N0 and φi(z) = z for all i = 1,mwe obtain the integral operator
F(z) =

α
∫ z
0
tα−1
[
Rnf1(t)
t
]β1
· · ·
[
Rnfm(t)
t
]βm
dt
 1
α
(2.5)
introduced and studied by Oros [12].When α = 1 in the operator (2.5) we obtain the integral operator I(f1, f2, . . . , fm)(z)
which was studied by Oros et al. (see [13]).
• For α = 1, gi(z) = z +∑∞k=2 [1+ (k− 1)λ]n zk, n ∈ N0 and φi(z) = z for all i = 1,mwe obtain the integral operator
In(f1, f2, . . . , fm)(z) =
∫ z
0
[
Dnλf1(t)
t
]β1
· · ·
[
Dnλfm(t)
t
]βm
dt (2.6)
introduced and studied by Bulut [14] where Dnλ is the Al-Oboudi differential operator. Observe that for λ = 1 in the
operator (2.6) we obtain the integral operator InF(z)which was studied by Breaz et al. [15].
• For α = 1, gi(z) = z +∑∞k=2 (a)k−1(c)k−1 zk, n ∈ N0 and φi(z) = z for all i = 1,mwe obtain the integral operator
Fα(a, c; z) =
∫ z
0
[
L(a, c)f1(t)
t
]β1
· · ·
[
L(a, c)fm(t)
t
]βm
dt (2.7)
introduced and studied by Selvaraj and Karthikeyan [16] where L(a, c) is the familiar Carlson–Shaffer operator.
• For gi(z) = z
(1−z)2 and φi(z) = z for all i = 1,mwe obtain the integral operator
G(z) =
[
α
∫ z
0
tα−1

f ′1(t)
β1 · · · f ′m(t)βm dt] 1α (2.8)
introduced and studied by Breaz [17]. For m = 1, β1 = β, β2 = · · · = βm = 0, α = 1 in (2.8) we obtain the integral
operator I(z)which was introduced and studied by Pfaltzgraff [18] and Kim and Merkes [19].
Recently, Srivastava et al. [20], Breaz et al. [21,22], Pescar and Breaz [23], Pescar [24], Selvaraj and Karthikeyan [16] and
Pescar and Breaz [25] interested in the univalence of integral operators defined above. In the present paper, we propose to
investigate further univalence conditions involving the general families of integral operator defined by (2.1).
3. Univalence conditions
In this section we obtain sufficient conditions for the univalence of the integral operator given by (2.1).
Theorem 3.1. Let γ ∈ R, α, βi ∈ C for all i = 1,m,m ∈ N such that γ ∈ (0, 1),ℜ(α) ≥ 1 and∑mi=1 |βi| ≤ 1−γ2 . Let
fi, gi, φi ∈ A for all i = 1,m,m ∈ N. If z(fi ∗ gi)′(z)(fi ∗ gi)(z)
 ≤ 1+ γ1− γ (z ∈ U, i = 1,m)
and  zφ′i (z)φi(z)
 ≤ 1 (z ∈ U, i = 1,m)
holds then the integral operator Fα,β(z) given by (2.1) belongs to the class S.
Proof. Define the function
H(z) :=
∫ z
0
m∏
i=1
[
(fi ∗ gi)(t)
φi(t)
]βi
dt (z ∈ U). (3.1)
It is easy to check that the function H(z) is analytic in U and
H ′(z) =
m∏
i=1
[
(fi ∗ gi)(z)
φi(z)
]βi
.
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A simple calculation shows that
zH ′′(z)
H ′(z)
=
m−
i=1
βi
[
z(fi ∗ gi)′(z)
(fi ∗ gi)(z) −
zφ′i (z)
φi(z)
]
.
In the light of the hypothesis of Theorem 3.1, we obtain
1− |z|2ℜ(α)
ℜ(α)
 zH ′′(z)H ′(z)
 = 1− |z|2ℜ(α)ℜ(α)
 m−
i=1
βi
[
z(fi ∗ gi)′(z)
(fi ∗ gi)(z) −
zφ′i (z)
φi(z)
]
≤ 1− |z|
2ℜ(α)
ℜ(α)

m−
i=1
|βi|
 z(fi ∗ gi)′(z)(fi ∗ gi)(z)
+  zφ′i (z)φi(z)


≤ 1− |z|
2ℜ(α)
ℜ(α)

m−
i=1
|βi|

1+ γ
1− γ + 1

= 1− |z|
2ℜ(α)
ℜ(α)
2
1− γ
m−
i=1
|βi| ≤ 1− |z|
2ℜ(α)
ℜ(α) ≤
1
ℜ(α) ≤ 1.
Using Lemma 1.1, we conclude that the function Fα,β defined by (2.1) belongs to the class S. 
Theorem 3.2. Let γ ∈ R, c, α, βi ∈ C for all i = 1,m,m ∈ N such that γ ∈ (0, 1),ℜ(α) > 0, |c| ≤ 1− 2(1−γ )ℜ(α)
∑m
i=1 |βi|.
Let fi, gi, φi ∈ A for all i = 1,m,m ∈ N. If z(fi ∗ gi)′(z)(fi ∗ gi)(z)
 ≤ 1+ γ1− γ (z ∈ U, i = 1,m) (3.2)
and  zφ′i (z)φi(z)
 ≤ 1 (z ∈ U, i = 1,m) (3.3)
holds then the integral operator Fα,β(z) given by (2.1) belongs to the class S.
Proof. Consider the function H(z) defined by (3.1). Inequalities (3.2) and (3.3), yield zH ′′(z)H ′(z)
 ≤ m−
i=1
|βi|
[ z(fi ∗ gi)′(z)(fi ∗ gi)(z)
+  zφ′i (z)φi(z)
] ≤ 21− γ
m−
i=1
|βi|.
It is known (see [3]) that for all z ∈ U \ {0} andℜ(α) > 01− |z|2αα
 ≤ 1− |z|2ℜ(α)ℜ(α) .
We havec|z|2α + 1α (1− |z|2α) zH ′′(z)H ′(z)
 ≤ |c| + 1− |z|2αα
  zH ′′(z)H ′(z)

≤ |c| + 1− |z|
2ℜ(α)
ℜ(α)
 zH ′′(z)H ′(z)

≤ |c| + 2
(1− γ )ℜ(α)
m−
i=1
|βi| ≤ 1.
Using Lemma 1.2, we obtain that the function Fα,β(z) defined by (2.1) belongs to the class S. 
By specializing the functions gi for all i = 1,mwe obtain the following results.
Corollary 3.3. Let γ ∈ R, α, βi ∈ C for all i = 1,m,m ∈ N such that γ ∈ (0, 1),ℜ(α) ≥ 1 and∑mi=1 |βi| ≤ 1−γ2 . Let
fi, φi ∈ A for all i = 1,m,m ∈ N. IfDi+1fi(z)Difi(z)
 ≤ 1+ γ1− γ (z ∈ U, i = 1,m)
E. Deniz et al. / Applied Mathematics Letters 25 (2012) 179–184 183
and  zφ′i (z)φi(z)
 ≤ 1 (z ∈ U, i = 1,m)
holds then the integral operator
Dα,β(z) =

α
∫ z
0
tα−1
[
D1f1(t)
φ1(t)
]β1
· · ·
[
Dmfm(t)
φm(t)
]βm
dt
 1
α
(3.4)
belongs to the class S.
Proof. Let gi(z) = z +∑∞k=2 kizk for all i = 1,m. Then (fi ∗ gi)(z) = z +∑∞k=2 kiakzk = Difi(z). From (1.3) we have
z(Difi(z))′ = Di+1fi(z). Making use of Theorem 3.1, we conclude that the integral operator given by (3.4) is in the class
S. 
Corollary 3.4. Let γ ∈ R, α, βi ∈ C for all i = 1,m,m ∈ N such that γ ∈ (0, 1),ℜ(α) ≥ 1 and∑mi=1 |βi| ≤ 1−γ2 . Let
fi, φi ∈ A for all i = 1,m,m ∈ N. If z

Rifi(z)
′
Rifi(z)
 ≤ 1+ γ1− γ (z ∈ U, i = 1,m)
and  zφ′i (z)φi(z)
 ≤ 1 (z ∈ U, i = 1,m)
holds then the integral operator
Rα,β(z) =

α
∫ z
0
tα−1
[
R1f1(t)
φ1(t)
]β1
· · ·
[
Rmfm(t)
φm(t)
]βm
dt
 1
α
belongs to the class S.
The proof of Corollary 3.4 follows from Theorem 3.1 with gi(z) = z +∑∞k=2 (i+1)k−1(k−1)! zk for i = 1,m.
Corollary 3.5. Let γ ∈ R, α, βi ∈ C for all i = 1,m,m ∈ N such that γ ∈ (0, 1),ℜ(α) ≥ 1 and∑mi=1 |βi| ≤ 1−γ2 . Let fi ∈ A
for all i = 1,m,m ∈ N. If1+ zf ′′i (z)f ′i (z)
 ≤ 1+ γ1− γ (z ∈ U, i = 1,m)
holds then the integral operator G(z) given by (2.8) belongs to the class S.
The proof of Corollary 3.5 follows from Theorem 3.1 with φi(z) = z and gi(z) = z(1−z)2 = z +
∑∞
k=2 kzk, for i = 1,m.
Assume thatm = 2n. If we consider in Theorem 3.2 gi(z) = z +∑∞k=2 kizk, for i = 1, n and gi(z) = z +∑∞k=2 (i+1)k−1(k−1)! zk
for i = n+ 1, 2n then the next result can be obtained.
Corollary 3.6. Let γ ∈ R, c, α, βi ∈ C, for all i = 1, 2n, n ∈ N such that γ ∈ (0, 1),ℜ(α) > 0, |c| ≤ 1− 2(1−γ )ℜ(α)
∑2n
i=1 |βi|.
Let fi, φi ∈ A for all i = 1, 2n, n ∈ N. IfDi+1fi(z)Difi(z)
 ≤ 1+ γ1− γ (z ∈ U, i = 1, n), z

Rifi(z)
′
Rifi(z)
 ≤ 1+ γ1− γ (z ∈ U, i = n+ 1, 2n)
and  zφ′i (z)φi(z)
 ≤ 1 (z ∈ U, i = 1, 2n)
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holds then the integral operator
Rα,β(z) =

α
∫ z
0
tα−1
n∏
i=1
[
Difi(t)
φi(t)
]βi 2n∏
i=n+1
[
Rifi(t)
φi(t)
]βi
dt
 1
α
belongs to the class S.
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